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Linear Processor Arrays

m Linear Processor Array

DR

(1) Diameter = O(n) n—1
(2) Maximum degree = 2 interconnection network
(3) Link complexity = O(n) n-1

m Ring (alinear processor array with end-around
connection)

(P (e

m Problems

Problem LPA-1: Sorting (Odd-Even Transposition Sort)
Input: A[1...n]={7, 6, 2, 1, 3, 5, 4}

Output: A[1...n]={1, 2, 3,4, 5, 6, 7}

Model: LPA of size n. Initially, a; is stored in P;.



Compare & Exchange LPA-2

o G- -

Step 7
1 L] L | L |
6 7 1 2 3 5 4
2 L] L] L |
6 1 7 2 3 4 5
3 L] L | L |
1 6 2 7 3 4 5
4 L] L] L |
1 2 6 3 7 4 5
5 L] L | L |
1 2 3 6 4 7 5
6 L] L] L |
1 2 3 4 6 5 14
7 L] L | L |
1 2 3 4 5 6 14

Theorem: Odd-Even transposition sort produces a sorted
seqguence of n data after n steps.
Proof: (by induction)

(1) n=3 case 1l.odd-even case 2:even-odd

OO O O OO
o o0 OO O
O—0O O O OO

Mmax min

What is the sequential algorithm?
(Pipeline!)



(Assume n = g > 3 holds) LPA-3

(2) n=4 case l.odd-even case 2.even-odd

OO OO0 O 00 O
O 00O O OO0 OO0
OO OO O 00O O
O 00 O OO0 OO0

(Prove n = g+1 also holds)
(3) n=5 (Assume the maximum m is stored in Py.)

case 1.1:0dd-even, kis even case 1.2:odd-even, k is odd

OO (@m0 O
O OO0

O
(m)
(m)
(m)
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Problem LPA-2: Sorting (Merge-Splitting Sort)

Input: A[1...n]={12, 9, 10, 11, 7,4, 3,6, 2,1, 8, 5}

Output: A[1...n]={1, 2, 3,4,5,6,7, 8, 9, 10, 11, 12}

Model: LPA of size p. Initially, A[(i-1)*(n/p)+1 ... i*(n/p)] are
stored in P;.

(G. Baudet and D. Stevenson, "Optimal sorting algorithms for
parallel computers," IEEE Trans. Comput. C-27 (1), 84-87.)

Merge-splitting sort is a generalization of odd-even
transposition sort in which each processor holds a
subsequence rather than a single data item, and the
comparison-exchange operation is replaced with a merge-split

operation. n n=12
Fp ) p=4
n nlnitially  [12,9,10] [11, 7, 4 [3,6, 2] [1, 5, §]
O(Flog F)
Preprocessing[ 9,10,12] [4, 7, 11] . [2, 3, 6] [1, 5, §]
| | g | |

cstepl  [4, 7, 9] [10,11,12] P [1, 2, 3] [5, 6, §]
| |
step2 [4, 7,9 [1,2 3] [10,11,12] [5, 6, 8]
p times < | | | |
step 3 [1, 2, 3] 1[4, 7, 9] [5, 6, 8 [10,11,12]
| |
“stepd [1,2 3] [4,5 6] [7 8 9 [10,11,12]

* T(n) = O((n/p)log (n/p)) + p*O(n/p) = O((n log n)/p + n)

* For p<log n, the proposed algorithm is cost-optimal.

cost = (nlog n/p + n)xp
=nlog n + pn
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integer LPA-5

Problem LPA-3: Integer Knapsack Problem
Input: C, P[1...n], and W[1...n] (capacity, profit, and weight)
(C, and w; are integers)

Output: MAX > xp,
i=1

suchthat (1) > xw; <C
i=1
(2) x>0 are integers

Model: LPA of size n. Initially, p; and w; are stored in P;, and C
IS stored in P;.

(1) Sequential Approach (dynamic programming)

Let f(g, k) be the maximal value of the objective function
using only the first k items with capacity limitation g. Clearly,
f(C, n) is the answer, and

not to take k take k
f(9, k) =Max{ (g, k=1), pi+f(g-wi, K) }. (if g>wy)

lteration k=1 k=2 k=3 k=4

f0,1) | £0,2) | 10,3) | f(0,4)
f(1,1) | (1,2 | f(1,3) l f(1,4)
(2,0) | 12,2) | #(2,3)V f(2,4)
f3,1) | (3,2 | (3,3) f(3,4)
f(4,1) | 1(4,2) | (4,3) f(4,4)
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The algorithm
for k=1ton
for g=0 to C determine f(g, k)

f(g-wy, k)

|

f(g, k-1) — f(g, k)

(2) Parallel Approach (pipelining)
B)—C)—L—)
time C,piwy PoW; P3W3 P4Wy4
0 -C >
1 f(O 1)9 -.C 2
2 1L 1)> 0,23 -C >
3 2, 1)> f(1,2> 0,33 -C >
4 if(3, 1)-> f(2,2)> f(1,3)> f(0, 4)9
5
6

(4, 1)> (3,2)> f(2,3)> f(1,4)>

*T(n)=0O(C+n-1)

*The 0/1 knapsack problem: x=0 or 1. el
For this problem, we have

f(g, K)=MAX{f(g, k-1), px+f(g—wy, k=1)}.
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Problem LPA-4: Matrix Vector Product

Input: a matrix A[1...n, 1...n] and a vector X[1...n].

Output: Y[1...n]=AX

Model: LPA of size p. Let A and X be patrtitioned into p blocks
as follows:

A:(A]_, A2, ey Ap) and X:(XL XZ’ ey Xp)’

where each A is of size n*r and each X; is of size r. Initially,
A, and X; are stored in P;.

X1
] (Al [
2
Example: (n=6, p=2 =3
ple-(n=6.p=2) 7 = A+ AX
A A, nxn nx1
&, A iz 4 Qs g Xy
a‘2 1 a2 2 a2 3 ! a2,4 a2,5 a2 6 X2 Xl
a a a a a a X
Y: AX: 3,1 3,2 3,3 3,4 3,5 3,6 -_"3_ ___________
Qu1 Q4 8Qu3 844 Y5 Qe X4
517 85, ds31 854 A5 s Xs X2
a61 a62 a63 I a64 a65 a‘66_ _XG_
Qa1 A A Qs s Qe
a2,1 a2,2 a2,3 a2,4 a2,5 a2,6
X, X,
a3,1 a’3,2 a3,3 a3 4 a3,5 a3,6
= X, |+ X,
A1 G, Gyg3 X A4 s g X
3 6
a5,1 a5,2 a5,3 a5 4 a5,5 a5 6 n
| 81 92 g3 | nxﬂ | g4 Qg5 g | nXE
P
= ArXy + A X,
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(p=4)

D N N
L C——)—=
0(3) Z,=AX, Z,=AX, Zy=AX, Z,=AX,

stage 1: Each processor P; computes Z=AX;. (Note that Z; is a
vector of order n.)

stage 2: fori=pto 2
2.1 processor P; sends Z; to processor P;_;, and then
2.2 processor P, sets Zi_1=Zi 1+Z;.

stage 3: Processor P, sets Y=Z,.

partition

computation
* T(n)=0(n’/p) + (p—1)O(n) = O(n*/p+np)
communication

Y2 the proposed algorithm is cost-optimal.

* For p<n

Remark: Given a parallel algorithm with computation time C(n)
and communication time E(n). (Note that total running time
T(n)=C(n)+E(n).) If C(n)<E(n), it is possible to reduce the
cost and even the total running time, by using fewer
processors. In this case, using fewer processors may
increase C(n), and possibly decrease E(n); thus C(n) and
E(n) are balanced.

1/2

*p 1 n n
C(n) = n*(n/p) n° n¥? n
E(n) = pP*n 1 n? n?
T(n) n? n¥? n?
cost n° n° n’
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Appendix 1.

Step 7 6 2 1 3 S 4

1 L] L] L]
6 7 1 2 3 5 4
2 L] L I
6 1 7 2 3 4 5

3 I L I
1 6 2 7 3 4 5
4 I L I
1 2 6 3 7 4 5

5 I I L
1 2 3 6 4 7 5
6 I I )
1 2 3 4 6 5 7

7 I I I
1 2 3 4 5 6 7

I I N I S
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Appendix 2.

(Assume n = ¢ > 3 holds)
(2) n=4 case l.odd-even case 2:even-odd

O—O
O
@

O

L

O[® &

!
& O
OO

(Prove n = g+1 also holds)
(3) n=5 (Assume the maximum m is stored in Py.)

case 1.1:0dd-even, kis even case 1.2:odd-even, k is odd

o5
o5

:
:




